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Quantum measurements are experiments, whose aim is to obtain information about
the quantum state of a system.
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The outcome of the measurement is random: pr𝐻 = 𝐻 𝜓 2, pr𝑉 = 𝑉 𝜓 2

Single
photon
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Choosing the path, the photon changes its state.

pr𝐻 = 𝐻 𝜓 2

Single
photon

pr𝐻 = 1 pr𝐻 = 1

After the PBS, the photon state in the transmitted channel will become |𝐻⟩, and in the
reflected channel |𝑉⟩. If we place a series of additional PBS’s in the transmitted channel
of the first PBS, the photon will be transmitted through all of these PBS’s — there will
be no further randomness.
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An idealized measurement apparatus is associated with some orthonormal basis |𝑏𝑖⟩ .
After the measurement, the apparatus will randomly point to one of the states |𝑏𝑖⟩ with
probability

pr𝑖 = ⟨𝑏𝑖|𝜓⟩
2

The system, if not destroyed, will then be projected onto state |𝑏𝑖⟩. Such a measurement
is called a projective measurement.

– Born’s rule

|𝜓⟩

measurement apparatus

|𝑏𝑖⟩
𝑖

display

Let us accept quantum randomness as a postulate confirmed by numerous experiments



MEASUREMENT OF POLARIZATION STATES OF A PHOTON (PRELIMINARIES)

26.10.2022 5

PBS

photon

superconducting
nanowire

SPD

SPD

A photon detector is a device that converts a
photon into a “click” — a macroscopic pulse of
electric current or voltage.

Single-photon detector
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PBS

SPD

SPD

Polarizing beamsplitters

Wollaston prism

Cage cube
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Wave plates
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𝐻 , 𝑉 + , − 𝐿 , 𝑅
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Exercise 1

Each of the states |𝐻⟩, |𝑉⟩, |+⟩, |−⟩, |𝑅⟩, |𝐿⟩ is measured in 1) canonical, 2) diagonal, 3)
circular bases.
Find the probabilities of the possible outcomes for each case.
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𝐿 , 𝑅
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Exercise 2

Propose a scheme for a quantum measurement in the basis 𝜃 , |
𝜋

2
+ 𝜃⟩ .

Hint:

Such a scheme should transform the state |𝜃⟩ into |𝐻⟩, and the state |
𝜋

2
+ 𝜃⟩ into |𝑉⟩.
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Polarization rotation by a 𝝀/𝟐 plate

The half-wave plate “flips” the
polarization pattern around the vertical
(or horizontal) axis akin to a mirror.

What is the angle between the new
polarization and the 𝑥-axis?

One can see that it is
2 𝛼 − 𝜃 + 𝜃 = 2𝛼 − θ
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PBS

SPD

SPD

𝜆/2-plate
@𝜃/2

𝜃 , |
𝜋

2
+ 𝜃⟩

2 𝛼 − 𝜃 + 𝜃 = 2𝛼 − θ

If 𝛼 =
𝜃

2
, then
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2
− 𝜃 = 0,
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2
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𝜋

2
= 2

𝜃

2
− 𝜃 −

𝜋

2
= −

𝜋

2
,

i.e., |
𝜋

2
+ 𝜃 ⟩ → 𝑉
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Exercise 3

A photon in state 𝜓 = |𝐻⟩ + 𝑒𝑖𝜑|𝑉⟩ / 2 is measured in the diagonal basis.

Find the probability of each outcome as a function of 𝜑.
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Exercise 3

A photon in state 𝜓 = |𝐻⟩ + 𝑒𝑖𝜑|𝑉⟩ / 2 is measured in the diagonal basis.

Find the probability of each outcome as a function of 𝜑.
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The projective measurement does not necessary destroy the quantum state. The
Measurement Postulate says in this case that the measurement transforms |𝜓⟩ into one
of the |𝑏𝑖⟩ with the probability pr𝑖 = 𝑏𝑖 𝜓

2. This can be formulated in terms of a
projection operator ෡Π𝑖 = |𝑏𝑖⟩⟨𝑏𝑖| :

𝜓 → ෡Π𝑖 𝜓 = |𝑏𝑖⟩⟨𝑏𝑖| 𝜓 = 𝑏𝑖 𝜓 |𝑏𝑖⟩

Example

A non-destructive measurement of the state 𝜓 = 2 𝐻 + 𝑉 / 5 in the canonical
basis generates the following unnormalized states:

𝜓𝐻
′ = ෡Π𝐻 𝜓 = 𝐻 𝐻 𝜓 = 2 𝐻 / 5

𝜓𝑉
′ = ෡Π𝑉 𝜓 = 𝑉 𝑉 𝜓 = 𝑉 / 5
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The projective measurement for the density matrix:

ො𝜌 =෍

𝑛

𝑝𝑛|𝜓𝑛⟩⟨𝜓𝑛| →෍

𝑖

𝑝𝑛෡Π𝑖|𝜓𝑛⟩⟨𝜓𝑛|෡Π𝑖 = ෡Π𝑖 ො𝜌෡Π𝑖

For each component |𝜓𝑛⟩ of the ensemble, the (conditional) probability to obtain |𝑏𝑖⟩ is
pr𝑖|𝑛 = 𝑏𝑖 𝜓𝑛

2 , so the probability to measure |𝑏𝑖⟩ for the density matrix is

pr𝑖 =෍

𝑛

𝑝𝑛pr𝑖|𝑛 =෍

𝑛

𝑝𝑛 𝑏𝑖 𝜓𝑛
2 =෍

𝑛

𝑝𝑛 𝑏𝑖 𝜓𝑛 𝜓𝑛 𝑏𝑖 = 𝑏𝑖 ො𝜌|𝑏𝑖

= Tr ො𝜌|𝑏𝑖⟩⟨𝑏𝑖| = Tr ො𝜌෡Π𝑖
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Exercise 4

A quantum state is represented by a density matrix ො𝜌 in the basis |𝑏𝑖⟩ . Suppose this
state is measured in the same basis. The measurement is nondestructive, but its
outcome is unknown to us. Find the density matrix after the measurement.
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Exercise 4

A quantum state is represented by a density matrix ො𝜌 in the basis |𝑏𝑖⟩ . Suppose this
state is measured in the same basis. The measurement is nondestructive, but its
outcome is unknown to us. Find the density matrix after the measurement.

ො𝜌𝑖 = ෡Π𝑖 ො𝜌෡Π𝑖 = |𝑏𝑖⟩⟨𝑏𝑖| ො𝜌|𝑏𝑖⟩⟨𝑏𝑖| = 𝜌𝑖𝑖|𝑏𝑖⟩⟨𝑏𝑖|

If the outcome is |𝑏𝑖⟩, then the density matrix is

If the outcome is unknown, then the density matrix is the ensemble:

ො𝜌after =෍

𝑖

𝜌𝑖𝑖 |𝑏𝑖⟩⟨𝑏𝑖| ≅
𝜌11 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝜌𝑁𝑁
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Model of a realistic measurement deviceMeasurement of 
polarization states with a 

non-ideal PBS

Example of a scrambler matrix:

𝜇𝐻𝐻 𝜇𝐻𝑉
𝜇𝑉𝐻 𝜇𝑉𝑉

=
3/4 1/3
1/4 2/3

;

𝜇𝑗𝑖 – probability that for the state |𝑏𝑖⟩ the scrambler chooses the output 𝑗

|𝑏1⟩

|𝑏𝑁⟩
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Exercise 5

A non-discriminating detector has the following properties:
• There are no dark counts.
• Each incoming photon generates an avalanche with probability 𝜂 (the detector’s
quantum efficiency). If at least one avalanche is present, the detector’s circuit
produces a “click”.

Model this detector as a projective measurement in the photon number basis, followed
by a scrambler, and calculate the scrambler matrix.
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|0⟩
|1⟩
⋮
|𝑛⟩
⋮

→ scrambler →
no click
click

Probability that there is no click: 1 − 𝜂 𝑛

Probability that there is a click: 1 − 1 − 𝜂 𝑛

𝜇no click,0
𝜇click,0

𝜇no click,1
𝜇click,1

…
…

𝜇no click,𝑛
𝜇click,𝑛

…
…

𝜇no click,𝑛 = 1 − 𝜂 𝑛,      𝜇click,𝑛 = 1 − 1 − 𝜂 𝑛

Scrambler matrix:
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The set of operators

each associated with the 𝑗 -th output state of the detector is called
positive operator-valued measure (POVM).

A measurement described by a POVM is called a generalized measurement.

෠𝐹𝑗 =෍

𝑖

𝜇𝑗𝑖|𝑏𝑖⟩⟨𝑏𝑖|

Example: POVM of non-discriminating detector

෠𝐹no click =෍

𝑖

1 − 𝜂 𝑛|𝑛⟩⟨𝑛| , ෠𝐹click =෍

𝑖

1 − 1 − 𝜂 𝑛 |𝑛⟩⟨𝑛|
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When a quantum state ො𝜌 is measured by a detector described by some POVM ෠𝐹𝑗 ,

the probability of the 𝑗-th outcome is

pr𝑗 =෍

𝑖

𝜇𝑗𝑖pr𝑖 = Tr ෍

𝑖

𝜇𝑗𝑖෡Π𝑖 ො𝜌 = Tr ෠𝐹𝑗 ො𝜌


