


QUANTUM BASICS

What is a Hilbert space?

What is a state vector [y)?

What is a basis in a Hilbert space? Orthonormal basis?

What is the difference between a state vector |i) and a wave function Y (r, t)?

What is a quantum-mechanical operator?
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What is a mixed state? What is a density operator?




KAHOHUYECKOE KBAHTOBAHWE: rapMmOHNYECKMN OCLUUNNATOP

p?  Kx?
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KAHOHUYECKOE KBAHTOBAHWE: rapMmOHNYECKMN OCLUUNNATOP

. P? mw?k?
H = + — NOIHAaA 3HEepPrma cUcTembl (raMMAbTOHUAH)
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|Y) — BeKTop coctoAaHMA B ruabbepToBOM
YpaBHeHue 3 MPOCTPaAHCTBE
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ABUNXeHUA Y(x) = (x|y) — BonHOBasA GYHKUUA COCTOAHUSA

|Y) B KOOpAMHATHOM NpeacTaBAEHUM
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KAHOHUYECKOE KBAHTOBAHWUE: rapmoHu4yeckmn ocUUANATop

dopmanusm necTHUUYHbIX onepaTopos
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KAHOHUYECKOE KBAHTOBAHWE: rapmoHn4Yeckmun ocunNnaTop

dopmanusm necTHUUYHbIX onepaTopoBs
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RAHOHUWYECKOE KBAHTOBAHWE: sanekTpomarHmtHoe none

Mogabl nona B pesoHaTtope V-D=p
V-B=0 E.(z,t) = q(t) sin(kz) mi
PxE=-20 =) 1 k=T
a By(2,t) = == d(®) cos (k)
- A ; " VxH=j+ oD
L
1 2 1 2
He ==5 | dz]e|E|? +—|B
2 Ho
—% 0
Z . L
Edez {eoq (t) sin?(kz) +k2 7 (q(t)) cosz(kz)}
Mopa — pelweHue ypaBHeHUN Makcsenna, 0
yAoB/ieTBOpsAoLee onpeaeneHHbIM rPaHUYHbIM ‘
YC/IOBUAIM. Mo3HO roBOPUTb 0
MPOCMPAHCMBEHHbIX, npocCMpaHCMBeHHO- 1 5 1 g . 2
8PEMEHHbIX, MOAAPU3AYUOHHbLIX MOAAX U T.A. Hp = E g0q”“()V + Zw_ V(q (t))




RAHOHUYECKOE KBAHTOBAHWE: anekTpomMarHMTHoe nosae

Mopabl nona B pesoHaTtope P 2
H=T e = s eV + -2V ()
2mw?
= X
1 Eov
N maw . )
X=X |—, p=—L
— h mwh
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&=\/—_(X+iP a+=7_(X—iP)

Moga — peweHue ypaBHeHUM Makcsenna, 2 2
vaosaerBopAarolee onpegeneHHbiM rpaHU4YHbIM
YCNOBUAM. MoKHO roBOpUTb 0] g 1 ~ 1
npocCmMpaHCMBEHH.IX, npocmpaHcmMeeHHo- Hp = > hw (X +P ) = hw (aTa + E)

BPEMEHHbIX, MOAAPU3AYUOHHbBIX MO4aXxX N T.4.




RAHOHUYECKOE KBAHTOBAHWE: anekTpomMarHMTHoe nosae

Mopabl nona B pe3oHaTope

r = ho(X? + P?) = ho (ata + )

1) — ogHodpoTOHHOE (POKOBCKOE) COCTOAHME

2) — nByxpoToHHOE (HOKOBCKOE) COCTOAHME

Z
|0) — BakyymHoe cocTosiHMe

Moga — pelweHue ypaBHeHUN MakcBenna,
yAaoB/eTBOpAoLee onpeaeneHHbIM rPaHUYHbIM
YC/IOBUAM. MOMHO roBOpUTb o)
NPOCMPAHCMBEHHbIX, npocMpaHCcmMeeHHo-
8pEMEHHbIX, MOAAPU3AYUOHHbIX MOAAX U T.A,.




®OTOH: MEPBUYHOE vs KAHOHUYECKOE KBAHTOBAHUE

KaHOHUYeCcKoe KBaHTOBaHue I'IepBuque KBAHTOBAHMe
KBaHTOBOM CUCTEMOMU ABAAETCA KBaHTOBOM CUCTEMOMU ABAAETCA
MOOd 3NeKTPOMArHUTHOM BOJIHDbI CaM KBaHT SHEpPruu nons

paccmaTtpuBaemou moabl
®OTOH — cocmosiHUe mopabl;
$POTOHDbI «3aNONAHAIOT» MoAy, ®doToH — 6e3maccoBas yacmuuya,
KaK KybuKu caxapa — caxapHuuy ABUXYLLAACA CO CKOPOCTbIO CBETa




LIGHT POLARIZATION

Propagation
direction

Electric field

E(z,t) = Ay cos(wt — kz + pp)e,
+ Ay cos(wt — kz + pv)e,,

Magnetic
field

\ or
Waveleng{ S(Z, t) =R [(AHe":"DHegj + Aveiﬂpvey) eiwt—ikz]

Pz




POLARIZATION STATES: linear polarization

En = Ay cos(wt — kz + ¢op)
Ey = Ay cos(wt — kz + ¢y )

0= Yy — Yu




POLARIZATION STATES: circular polarization

y

En = Ay cos(wt — kz+ ¢op)
\,x 8V — AV COS(L&Jt — kz + QOV)

0= Yy — Yu

5::E7T/2 AH:AV




POLARIZATION STATES: elliptical polarization

\ \ Ey = Apcos(wt — kz+ o)
\/\ “i,a /Em Ev = Ay cos(wt — kz + gov)

< \ 0= v — ¢YH

Left-handed Right-handed
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QUANTUM MEASUREMENT POSTULATE

Quantum measurements are experiments, whose aim iIs to obtain information
about the quantum state of a system.

Aé 2
A2 _ 4 Ay
! AV\ [~A% Plv = 22 pry = —5——
/ H Vv / Ay + Ay
Classical Single
light beam photon H
PBS PBS
. . . 1 . . .
E = Re[(AHe“PHex + AVe“PVey)e“"t] |Y) = (AHe“PH|H) + AVe‘90V|V))e“°t
4+ 4

The outcome of the measurement is random: pry = [(H|Y)|?, pry = V|Y)]?




QUANTUM MEASUREMENT POSTULATE

Choosing the path, the photon changes its state.

pry = [(H|y)|? pry =1 pry =1

Single
shoton > > > >

After the PBS, the photon state in the transmitted channel will become |H), and in
the reflected channel |VV). If we place a series of additional PBS’s in the transmitted
channel of the first PBS, the photon will be transmitted through all of these PBS’s —
there will be no further randomness.




QUANTUM MEASUREMENT POSTULATE

An idealized measurement apparatus is associated with some orthonormal basis
{|b;)}. After the measurement, the apparatus will randomly point to one of the states
|b;) with probability

pr; = [(b;|Y)|* | —Born’s rule

The system, if not destroyed, will then be projected onto state |b;). Such a
measurement is called a projective measurement.
4 )

W) 1b) |

display

measurement apparatus

Let us accept quantum randomness as a postulate confirmed by numerous experiments




MEASUREMENT OF POLARIZATION STATES OF A PHOTON (PRELIMINARIES)

Single-photon detector

SPD
g photon WWWV
~je> ““"W""’D SPD , »
superconducting \
PBS nanowire

A photon detector is a device that converts a
photon into a “click” — a macroscopic pulse
of electric current or voltage.




MEASUREMENT OF POLARIZATION STATES OF A PHOTON (PRELIMINARIES)

Polarizing beamsplitters

SPD
g Wollaston prism

—ifw>| il SPD

PBS




Wave plates

p
o-wave

e-wave

Fast

|:>E> (&l
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q\sm
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MEASUREMENT OF POLARIZATION STATES OF A PHOTON (PRELIMINARIES)
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MEASUREMENT OF POLARIZATION STATES OF A PHOTON

SPD
a a a
vertical A/2-plate A/4-plate A/2-plate
polarization @22.5° @0° @22.5°

horizontal>i> SPD I ; I: I I ) l:

PBS polarization

{lH),|V)} {+)1-)} {IL), |R)}
( 1 A ( 1 ' )
< |+) —E(IHH V) | < L) —ﬁ(lm—lIV)) |
1 1 _
L|—> = ﬁum - IV>)J LlR} = ﬁ(m) + lIV>)J




MEASUREMENT OF POLARIZATION STATES OF A PHOTON

Exercise 1

Each of the states |H), |V), |+), |-), |R), |L) IS measured in 1) canonical, 2)
diagonal, 3) circular bases.
Find the probabilities of the possible outcomes for each case.




MEASUREMENT OF POLARIZATION STATES OF A PHOTON

1 1

SPD [(H|£)|? =§|(H|H)i(H|V)|2 =

)
1 1 1
(V]+)]* = > (VIH) + VIV = =
——[)SPD
PBS , ,
[(HIR/L)|* = S [(HIH) £ i(H|V)|? = >
{H),[V)}

1 1
(VIR/L)I? = S VIH) £ {VIV)|? = 2




MEASUREMENT OF POLARIZATION STATES OF A PHOTON

1 1
[(EIH)? =S KHIH) £ (VIH)|? = 2

SPD
a
A/2-plate 1 )
@22.5° |<i|V>|2 =§|<H|H>i<H|V>|2 =§
I | /D SPD
1 1
PBS (IR =5 HIH) + (HIV) £ VIH) + (V1Y) =~

1 1
(EIL)? = 2 KHIH) = KH|V) £ (VIH) F {VIV)I? = 5




MEASUREMENT OF POLARIZATION STATES OF A PHOTON

1 1
SPD (RIH/V)I® =~ KHIH/V) + KVIH/V)I® =2
a

A/4-plate A/2-plate 1 1

@ @ns SPD  LIH/V)I* =5 [{HIH/V) — i{H|H/V)I* = 5
I I P 1 1
PBS (RID)? = 2 KHIH) + (HIV) + {VIH) £ ({VIV)I* = 5

(L), IR)}

1 1
(LI = [(HIH) £ (HIV) = (VIH) F QVIV)? =2




MEASUREMENT OF POLARIZATION STATES OF A PHOTON
Exercise 2

Propose a scheme for a quantum measurement in the basis {|9), | % + 9)}.

Hint:
Such a scheme should transform the state |8) into |H), and the state |§+ 0) into |V).




MEASUREMENT OF POLARIZATION STATES OF A PHOTON

Polarization rotation by a 4/2 plate

v ,
A -wave plate’s The

;. optical axis half-wave  plate flips the

polarization pattern around the vertical

incident (or horizontal) axis akin to a mirror.
polarization

transmitted
polarization

What is the angle between the new
> polarization and the x-axis?

One can see that it is
2 —0)+60 =2a—0

polarization =
rotation




MEASUREMENT OF POLARIZATION STATES OF A PHOTON

2(d—0)+ 60 =2a—106

Ifa=§, then
9—>2a—9=2(§)—9=0, SED
i.e., |68) - |H) A/2-plate |

@62
Z+0-20-0-=2(3)-0-2=-Z - —pspD
., |=+6)— V) PBS




MEASUREMENT OF POLARIZATION STATES OF A PHOTON

Exercise 3

A photon in state |y) = (|H) + ¢'?|V))/+2 is measured in the diagonal basis.
Find the probability of each outcome as a function of ¢.




MEASUREMENT OF POLARIZATION STATES OF A PHOTON

Exercise 3

A photon in state |y) = (|H) + ¢'?|V))/+2 is measured in the diagonal basis.
Find the probability of each outcome as a function of ¢.

1 . 1 . .
S|(HIHY + V)| 2 = Z[KHIH) + e"CHIV) + (VIH) + eV V)|° =
le + ei90|2 = coszg
1 . 1 . .
SI1GH) + )| 2 = L KHIH) + e HIV) — (VIH) = e IV)] =

_oip|? — a2 ?
|1 e | sm2

Ny




MEASUREMENT OF POLARIZATION STATES OF A PHOTON

Exercise 4 (tomography of the polarization state)

A photon in state [¢) = (ry|H) + €1, |V)) is measured in the rectilinear, diagonal
and circular basis yielding pry, pry, pri, pr—, prg, pr;. Is it enough to perform a
tomography of |y) (to determine ry, 1, and ¢ )? Prove it.




MEASUREMENT OF POLARIZATION STATES OF A PHOTON

Exercise 4 (tomography of the polarization state)

2

r
In a rectilinear basis: pry = |(H|Y)|? = ‘(1 0)( " ) = r4 , wherein

Ty el®

ThH = /PTH; ry = 1_7”13:\/1_er

2

In a diagonal basis: pr, = |[{(+|y)|? = = % + ry1y cos @

L1 1) (,,Vrfw)

i) (Tvre up)

2
1 :
=3 + ryry SIn Q@

In a circular basis: prg = [(L|Y)]? =




PROJECTION OPERATORS

The projective measurement does not necessary destroy the quantum state. The
Measurement Postulate says in this case that the measurement transforms |y) into

one of the |b;) with the probability pr; = |{b;|y)|%. This can be formulated in terms of
a projection operator IT; = |b;){(b;| :

[Y) = 1Y) = (IbiXbi D) = (bily)|b;)

Example

A non-destructive measurement of the state [y) = (2|H) + |[V))/+/5 in the canonical
basis generates the following unnormalized states:

Wy) = Tyly) = |H}H|Y) = 2|H)/V5
Wiy = Ty lw) = [VIV ) = |[V)/V5




MEASUREMENT OF MIXED STATES

The projective measurement for the density matrix:
B =) Paltbn)Wul > ) pulliln)ipl T = ;5T
n n

For each component |y,,) of the ensemble, the (conditional) probability to obtain |b;)
IS pryj, = |{b;|¥,,}|? , so the probability to measure |b;) for the density matrix is

P = Y abTin = ¥ Palbild? = ) pulbilibu)Whulbe) = (bilplby)

= Tr[p|b;){b;|] = Tr|pll;]




MEASUREMENT OF MIXED STATES

Exercise 5

A gquantum state is represented by a density matrix p in the basis {|b;)}. Suppose
this state is measured in the same basis. The measurement is nondestructive, but
Its outcome is unknown to us. Find the density matrix after the measurement.




MEASUREMENT OF MIXED STATES

Exercise 5

A gquantum state is represented by a density matrix p in the basis {|b;)}. Suppose
this state is measured in the same basis. The measurement is nondestructive, but
Its outcome is unknown to us. Find the density matrix after the measurement.

If the outcome is |b;), then the density matrix is
p; = ;pIL; = |bi)(b;|p|bi)b;| = pii|b;){b;]

If the outcome is unknown, then the density matrix is the ensemble:

p11 0
Pascer = ) pulbbil =( i
t U I




GENERALIZED QUANTUM MEASU

Measurement of
polarization states with a

REMENTS

Model of a realistic measurement device

non-ideal PBS | projective

| _measurement scrambler
|
| b)) (—>
B

p : 5 .z d—>
v € C_)
HE
|
i by ) —>

Example of a scrambler matrix: -

3/4 1/3
(I:ZZ ﬁ55)=(1f4 2;3);

u e e e e e e e e e — — 1

—t—)p- > output states

uj; — probability that for the state |b;) the scrambler chooses the output j




GENERALIZED QUANTUM MEASUREMENTS

Exercise 6

A non-discriminating detector has the following properties:
 There are no dark counts.

 Each incoming photon generates an avalanche with probability n (the detector’s

guantum efficiency). If at least one avalanche is present, the detector’s circuit
produces a “click”.

Model this detector as a projective measurement in the photon number basis,
followed by a scrambler, and calculate the scrambler matrix.




GENERALIZED QUANTUM MEASUREMENTS
(10
1)

")

Scrambler matrix:

no click) Probability that there is no click: (1 —n)"

— scrambler — ( click Probability that there is a click: 1 — (1 —n)"

(.uno click,0 Mno click,1 ** Hno clickn )
Hclick,0 Hclick1 - Hclickn

HMno clickn = (1- 77)", Hclickn = 1-(1- 77)”




GENERALIZED QUANTUM MEASUREMENTS

The set of operators
Fi = z.lljdbi)(bd
i

each associated with the j-th output state of the detector is called
positive operator-valued measure (POVM).

A measurement described by a POVM is called a generalized measurement.

Example: POVM of non-discriminating detector

Fno click — Z(l o U)nln)(nl ’ Fclick — z[l _ (1 R U)n]ln)(nl

n




GENERALIZED QUANTUM MEASUREMENTS OF MIXED STATES

When a quantum state p iIs measured by a detector described by some POVM
{F;}, the probability of the j-th outcome is

pr; = Eﬂjipri =Tr lz: w;iIl;p
i i

- e[
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